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Figure 3. Plots of theoretical Ty versus « at different N, values,
using the values of parameters listed in Table III. The values
of N, are indicated on the curves.

two ions. The dependence of the theoretical I'y, on « was
calculated for N, values in the range 0.10-0.90. The re-
sulting curves are shown in Figure 3. The curvature is
large and negative at N; > 0.6 but is very small for N, <
0.6, eventually becoming positive at N; < 0.3. These re-
sults suggest that I'y, versus « will be linear enough for

a test of this type for territorial binding when N, lies
between 0.25 and 0.50. This condition was satisfied in the
PG experiment using a 1:1 equivalent ratio of Mg?* to Na%*
that did produce a linear relationship between I and «.

Registry No. PG, 9046-38-2; Na, 7440-23-5; Mg, 7439-95-4.
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ABSTRACT: We develop theory to explore the relationship between the amino acid sequence of a protein
and its native structure. A protein is modeled as a specific sequence of H (nonpolar) and P (polar) residues,
subject to excluded volume and an HH attraction free energy e. Exhaustive exploration of the full conformational
space is computationally possible because molecules are modeled as short chains on a 2D square lattice. We
use this model to test approximations in a recent mean-field theory of protein stability. Also, exhaustive
exploration permits us to identify the “native” state(s) in the model, the conformation(s) of global free energy
minimum. We then explore the relationship between sequences and native structures by (i) further exhaustive
exploration of the full space of all sequences, for short chains, and (ii) random selection of sequences, for longer
chains, in some cases exploring exhaustively only the fully compact conformations. The model has the following
properties. For small ¢, the chains are unfolded. With increasing HH attraction, molecules with certain sequences
fold to a state with relatively few conformations that have (i) low free energy, (ii) high compactness, (iii) a
core of H residues, and (iv) substantial secondary structure. The potential of a molecule to fold to this state
is predicted largely by the composition, but for intermediate compositions it depends also on the specific sequence
of residues. Some folding sequences have multiple native states; those native structures are broadly distributed
throughout the conformational space. However, a most interesting prediction is that, even with only the H
and P discrimination among residues in this model, a folding sequence is most likely to have only a single

native conformation, a predominance that increases with chain length.

Introduction

A problem of long-standing interest in biology has been
that of predicting the three-dimensional structure of a
globular protein from knowledge of its amino acid se-
quence. If the “thermodynamic hypothesis” of protein
folding is correct, i.e., that the native structure of the
globular molecule is that conformation which has the
lowest free energy, then the native structure could be
identified in principle simply by systematic evaluation of
the free energy of every possible conformation. The
problem is that this calculation is not yet practical using
current force-field algorithms because the computer time
required is far too great. The computer time scales with
the number of conformations, which has an exponential
dependence, a”, on chain length n, where a > 1 is a con-
stantlthat depends on chain flexibility and excluded vol-
ume.

As a consequence, force-field studies at near-atomic
resolution are presently limited to explorations of very
small regions of conformational space and thus to problems
involving dynamics,? binding, or catalytic mechanisms®*
wherein structural perturbations of the protein are small.
Computer limitations currently preclude application of
high-resolution methods to problems of (i) large confor-
mational changes, (ii) predictions of thermodynamic
properties of folding, which also require knowledge of the
ensemble of unfolded reference states, or (iii) the predic-
tion of the native structure from the primary amino acid
sequence.

In the absence of high-resolution methods for large-scale
exploration of conformational space, two alternative ap-
proaches have emerged to predict conformations of pro-
teins from primary structures: (i) semiempirical methods
and (ii) methods based on simplifications of conformational
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space. Semiempirical methods make use of correlations
observed in databases of known structural features such
as nearest-neighbor pairwise residue conformations or
radial distribution functions,”® or they make use of extra
constraining potentials to help achieve the known native
structure.®1® Some limitations of some of these methods
are well-known.19-%2

Other methods involve considerable simplifications of
the conformational space.1# 27 These methods also have
limitations. One of them, a statistical mechanical treat-
ment of stability,?” does not attempt to address effects
of the sequence of residues but only the effects of com-
position, for it is premised on averaging over the possible
sequences. The method of Kolinski, Skolnick, and Yaris
is also based on a lattice model to discretize the confor-
mational space and uses simple potential functions.2-%
The conformational space is then explored by Monte Carlo
methods. An important finding of theirs is that certain
secondary structural motifs arise naturally from these
simple models. A principal conclusion from both of these
models is that many of the general features of proteins can
be predicted from simple and nonspecific interaction po-
tentials. The model of Li and Scheraga® uses the most
realistic potential function but so far appears to have been
tested only on small peptides. Li and Scheraga also sample
a discretized conformational space by Monte Carlo
methods.

Our interest here is to explore the nature of the full
conformational and sequence spaces of proteins. The
methods cited above are therefore unsuitable for this
purpose, since they explore, at most, a very few sequences,
and since they sample conformational space only sparsely
or through approximation. In the present work, we de-
velop a third approach to the protein folding problem, in
its simplest possible implementation. Our purpose is to
explore the nature of the full conformational and sequence
spaces of copolymeric chain molecules such as proteins.
We develop a model that can explore every possible con-
formation of every possible sequence. This effort is in the
same spirit as the use of model Hamiltonians, such as
certain Ising models, which can be solved exactly through
enumeration of every accessible state of the system. It
follows from the remarks above, however, that such a
model must be very simple and low-resolution. It also
follows that the nature of the questions addressible by this
model are different than those of the models described
above. For example, what does conformational space look
like? What does sequence space look like? Does the
ability of the chain to fold into a compact state depend
on the sequence of residues or only on the composition (the
fraction of residues of each type), irrespective of their
sequence? Are there “good” sequences and “bad” se-
quences, in terms of their potential to undergo a folding
transition to a compact globular state with a hydrophobic
core? How many minima of lowest energy are there in the
conformational space? What is the energy distribution of
the accessible minima in the conformational space?

We model a protein as a linear chain of n amino acids.
Each amino acid can be either of two types: H (nonpolar)
or P (polar). The fraction of the n residues that are of type
H is &; hence the fraction of type P is 1 — &. A chain
conformation is represented as a self-avoiding walk on a
two-dimensional square lattice; an example of one compact
conformation of one particular sequence is shown in Figure
1. The lattice simply serves as a tool to discretize the
conformational space, i.e., to account for the freedom of
the chain to have different backbone conformations and
to account for the effects of excluded volume of any one
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Figure 1. Model protein on a 2D square lattice with two types
of residues, H and P.

chain segment by any other. Since each lattice site has
z = 4 neighbors, the number of bond orientations for all
internal chain segments is z ~ 1 = 3. Thus each amino acid
is represented in this model as simply occupying one lattice
site, connected to its chain neighbor(s), unable to occupy
a site filled by another residue, and as indicated below,
interacting with any other immediate spatially neighboring
residue through an orientation-independent interaction
energy.

The principal simplification implicit in the use of a 2D
system as a model for molecules in three dimensions is
simply in the lattice coordination number, z. In a 3D
lattice model, there are more conformations per bond pair
(i.e., z — 1 = 5 for a simple cubic lattice) and similarly there
are more spatial nearest-neighbor residues with which one
monomer can interact. In addition, excluded volume is
a more severe constraint in 2D. These are the factors that
contribute to the dimensionality dependence of the ther-
modynamic balance of forces (of conformational freedom
versus contact interactions). Despite these quantitative
differences, the qualitative physical behavior will be similar
in 2D and 3D. The two principal advantages of the 2D
model are that (i) the surface-to-volume ratio, a principal
determinant of the physical behavior, of longer chains in
3D is the same as that for shorter chains in 2D and (ii),
for a given chain length, the computational requirements
are much less severe for the 2D model.

It is convenient to distinguish between pairs of mono-
mers that are “connected neighbors”, units j and j + 1
adjacent along the chain sequence, and pairs that are
“topological neighbors”, those that are adjacent in space
(in contact) but are not adjacent in position along the
sequence. We assume that every HH contact between
topological neighbors has a contact free energy (divided
by kT) equal to ¢ (<0) and every other interaction among
neighbors (of any other pairwise combination of H, P, and
solvent, S) has free energy equal to 0. In choosing the
interaction potential this way, our zero-energy reference
state is the very open state in which no topological contact
is made. This interaction energy is among the simplest
possible. However, the same interaction, used in con-
junction with a mean-field approximation predicts well
the experimentally measured temperature?’ and solvent
dependences of protein stability. We interchangeably refer
to € as a dimensionless energy or free energy, since we do
not consider here the explicit temperature dependence of
this contact interaction.

We define the “conformational space” and the “sequence
space” as follows. The conformational space is the set of
all the possible internal conformations of a molecule, due
to all the different bond orientations. Thus in this model,
the maximum size of the conformational space is ap-
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proximately (z - 1)*. This simple estimate is a maximum
because it double counts certain symmetric conformations
and neglects excluded volume. Excluded volume is re-
sponsible for the reduction of the conformational space size
to a1 where a < z — 1.! In exhaustive simulation, we find
that a =~ 2.71 when z = 4. The exact number of confor-
mations accessible to a chain length of 10 on the 2D square
lattice is found to be 2034. Of the entire conformational
space of chain length n = 10, structures range from the
open conformations, where no topological neighbors are
made, to the most compact conformations, where the
maximum number of topological neighbor contacts are
made.

The sequence space is the set of all the possible se-
quences of H and P residues; in this model, the size of the
sequence space is 2. Hence, for n = 10, there are 1024
different sequences.

Our aim is to calculate various properties of the con-
formational and sequence spaces, which we do as follows.
For a particular sequence, we exhaustively enumerate the
full conformational space and compute the energy for each
configuration. In the process, we find the conformation(s)
that is at the global minimum of free energy, which we
refer to as the “native state(s)”. (For sequences that do
not have the potential to fold to compact structures, we
still retain the term “native” state to refer to the confor-
mations of lowest free energy, even though this terminology
differs from that used in biochemistry, where the term
“native” generally refers only to compact molecules.) For
short chains, we then use this approach to find the native
state for every possible sequence through exhaustive ex-
ploration of the sequence space. We compute various
averages over the ensemble of all native states of all se-
guences in the sequence space.

The conformational enumeration process uses a depth-
first algorithm, which seeks the longest branch of the di-
rected graph representing all possible self-avoiding walks.
The algorithm backtracks either when the full chain of a
given length has been generated or there is a dead end due
to an excluded-volume violation. The search stops when
all nodes of the directed graph have been visited.

Exhaustive searches in both conformational space and
sequence space are possible when the chain length is short
(n < 11). To explore the properties of longer chains, we
use (i) random sampling of the whole sequence space, with
full search of the conformational space for each sequence,
or (ii), for longer chains (n < 30), random sampling of the
sequence space, with exhaustive search of only the max-
imally compact conformations, which is a small subset of
all possible conformations. It is shown below that the set
of maximally compact conformations nevertheless almost
always contains the set of native conformations for chains
that fold. Thus the latter subsearch produces native-state
properties that do not deviate significantly from those
obtained by the search of the full conformational space.

The maximally compact chain conformations are lattice
walks in which every internal site is occupied by exactly
one chain segment: no site is empty, and no site is filled
by two chain segments. The maximally compact confor-
mations have the largest number of topological neighbors,
tmaxs 8llowed by the chain length, where

tmax=n+1_Pmin/2 1)

P_;, represents the minimum surface the molecule can
have. For the 2D square lattice, P,;, is the perimeter of
the smallest box that can contain all n residues. It is
obvious that if £ and m are the length and breadth of the
rectangular box containing the chain, the perimeter P =
2(k + m) will be minimum if 2 = m. If m is the smaller
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of the two integers, then the smallest box will be described
by m? < n < (m + 1)%, and

Pon=4m + 2 for m*®<n<m(m+1)
=4m + 4 for m(m+1)<n<(m+1)?
2

The most compact conformations for a chain of length n
are exhaustively enumerated by confining the lattice walks
to this minimal rectangular box. The proof that this search
is exhaustive for maximally compact conformations follows
because any walk that crosses this rectangular boundary
will have perimeter > P, ; hence ¢, the number of topo-
logical neighbors, will be smaller than ¢,,,,, the value given
by eq 1.

The obvious advantage of this compact chain search is
that the number of conformations which must be explored
is reduced dramatically by a factor of approximately e™,
and yet, as shown below, this search produces almost all
the native conformations of folding molecules (i.e. the
exceptions comprise a set of negligible size). This permits
us to find the native states for molecules of lengths up to
n = 30-36.

Stability and Denaturation

We first consider the process of collapse to a compact
conformation. The simulations show that if the HH at-
traction is large, then chains with certain sequences of
monomers become highly compact, with an internal core
of H residues. With increasing HH attraction, the chains
undergo a transition to this folded state from an ensemble
of unfolded configurations. The nature of the collapsed
state and the denaturation transition is described below.

The thermodynamic properties of a chain of fixed length
n and given sequence of residues can be computed from
the partition function, Z

Z= ¥ g(m)esme 3)
m=0

where m = 0, 1, 2, ..., s is the number of HH topological
contacts, and g(m) is the degeneracy, the number of chain
conformations with m HH topological contacts. ¢ (<0) is
the HH contact energy divided by 2T, Boltzmann’s con-
stant multiplied by temperature. The native conforma-
tion(s) represent the ground state(s) of the partition
function.

We define the compactness, p = (m + u)/ty,,, of any
chain conformation in terms of u, the total number of
topological neighbors of types HP and PP in the given
chain conformation, m, the number of HH topological
contacts, and ¢,,,, the maximum possible number of to-
pological neighbors of all types for the given chain length.
Let the number of conformations that have m HH topo-
logical neighbor contacts and u other topological neighbor
contacts be G(m,u); it must be related to the degeneracy
g(m) by

]

glm) = §0 G(mu) (4)

Thus the average compactness over all the chain confor-
mations is

s tmaxm
=1L ¥ LEPGmudeme  (5)
m=0 u=0 max

Using the following simple device, we can also compute
the average compactness of only the native conformations.
In the limit of infinite HH attraction, ¢ = —«, the maxi-
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mum term of the partition function is only that of the
native states,

Z, =gl(s) (6)

Also

lim i G(m,u)e's™ = G(s,u)

e—>—o m=(

G

Hence the average compactness of the native state is de-
fined by substitution of eq 6 and 7 into eq 5

G(s.u)

max

tmexs
ZQ_I z

u=0

(P)ns = lifi (p) = (8)

The average compactness of the native state is a useful
measure of the “folding potential” of the molecule, the
degree to which the molecule can configure to a compact
state of low free energy. For example, any sequence for
which (p),s = 1 represents a molecule whose conformations
of lowest free energy are also maximally compact (i.e., those
conformations with the maximum number of HH contacts
also have the maximum total number of intrachain con-
tacts). On the other hand, any sequence for which (p),,
< 1 represents a molecule that has at least some confor-
mations of lowest free energy that are not maximally
compact. These sequences have less folding potential in-
sofar as the average compactness over the ensemble of
native states will be smaller.

A chain with folding potential is simply one that can
configure to a compact conformation of low contact free
energy. The condition that ¢ — —= is equivalent to ac-
counting only for the contact interactions, with the driving
force from the conformational entropy equal to zero.
Hence the folding potential does not reflect the balance
of forces for stability of the molecule. The stability (i.e.,
the free energy of folding) and other thermodynamic

gure 2. The average compactness (p) as a function of ¢, the energy of HH contacts, for six different sequences: (a) HHHHHHHHHH
(¢ = 1); (b) HPHPPHPPHH (¢ = 0.5); (c) HPPHPPHPHH (& = 0.5); (d) PPPPPPHPPH (® = 0.2); (¢) PPPPPHHHHH (¢ = 0.5);

quantities are derivable from the partition function, Z, in
the standard way. Similarly the average compactness over
all the conformations is obtained from eq 5 instead of eq
8. These quantities, stability and average compactness,
which depend on the balance of forces, are strongly de-
pendent on chain length.! For example, short peptide
chains do not fold under ordinary solution conditions
because their compact cores would have too few HH con-
tacts to overcome the conformational entropy.! Therefore
simulations of the balance of forces for short chain pep-
tides, which do not fold, would not be a good model for
longer chain proteins, which do. On the other hand, the
“folding potential” is a measure of whether there is any
achievable conformation in which the lowest energy states
are compact. For this property, a short-chain model is a
useful predictor of the behavior of longer chains.

The dependence of average compactness, {p}, on ¢ for
six sequences is shown in Figure 2, along with the density
of states for each sequence. For many sequences, in-
creasing ¢, the strength of the HH attraction, leads to
increased average compactness. Many of the exceptions
are sequences that have no or few H residues (Figure 2f).
The density of states, g(m), determines the ability of the
sequence to fold and the sharpness of the transition. Those
sequences that permit folding to the maximally compact
state (p)p, = 1 must have at least a few conformations of
low energy, whereas nonfolding sequences do not.

It is clear that some sequences permit folding to the
maximally compact state, {(p),, = 1, but others do not.
Figure 2d,e shows two nonfolding sequences. The inability
to achieve the compact states follows from the impossibility
of simultaneously forming many HH contacts and many
total topological contacts. Thus the lowest energy states
of nonfolding molecules consist of a large number of con-
formations of low compactness.

Some sequences fail to fold because of the composition,
i.e., they have too few H residues, irrespective of their
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Figure 3. Comparison between (p) and p* as a function of ¢ (—) (p), (---) p*] for six different sequences as in Figure 2.

position along the chain. Others fail because of the specific
sequence of the residues, even when the number of H
residues is sufficient. As an example of the former, Figure
2d shows a case of ® = (.2, for which the maximum num-
ber of HH contacts possible is one. When that contact is
formed however, the chain is not very compact; it has many
configurations consistent with that constraint. This is a
problem with the composition since changing the position
of the H residues in that sequence does not increase the
folding potential. On the other hand, Figure 2b,c,e shows
three sequences with different folding propensities, all of
which have the same composition. The sequence shown
in Figure 2e does not fold; it cannot achieve maximum
density because it has a string of P residues at one end.
In that case, even a very high value of the HH attraction
will never contribute to the folding of the P tails. On the
other hand, if P residues are interspersed in the sequence,
they can be “carried along for the ride” as spacers between
the H residue contacts.

Whereas the continuous curves in Figure 3 show the
average densities {p) of these molecules, the dashed curves
show, for comparison, the behavior of the “maximum term”
p*, i.e., only the most probable state. p* is the density that
gives rise to the largest term of the sum P, leading to the
partition function Z. Z can be written as

Z=YP,
P

Ty
Pp = Ze_Ei/kT

i=1

where n, is the number of conformations having density
p and Ee, is the energy of the ith conformation having
density p.

This is of value for testing an approximation common
to some Monte Carlo and mean-field models. The results
show that the phase transition behavior is very different
if the maximum term is used to approximate the true

average. In particular, whereas the average shows a
gradual change in density, the maximum term shows a
first-order transition for some folding sequences and no
transition for the nonfolding sequences (see Figure 3). It
is quite interesting that in other cases, however, there is
a relatively sharp transition to an intermediate state, then
a further transition to the folded state (see Figure 3a,c).
Although we have not done a complete statistical analysis,
it appears that considerably more of the folding sequences
show the intermediate state than the first-order transition.
Of course, we do not know if the difference between the
maximum term method and the true average would persist
for longer chains or for molecules in three dimensions.

The folding process can alternatively be characterized
by several different physical properties in addition to
compactness. First is the energy, averaged over the en-
semble of all conformations. Since the contact energy is
mekT where m is the number of HH contacts and ¢ is the
dimensionless interaction energy between each pair of HH
contacts, {m}) is proportional to the average energy of the
molecule and is given by

(m) = 27 3. mg(m)etr )

Second, folding is characterized by a decrease in the av-
erage number of effectively accessible conformations; i.e.,
the partition function Z decreases as the compactness of
the molecule increases. Third, folded molecules are
characterized by a core of H residues, buried away from
solvent contact. The fraction x is a measure of the degree
to which a compact chain molecule has a solvophobic core

x = nh;/n,- (10)

where n,; is the number of hydrophobic residues in the
interior and n; is the total number of interior residues (i.e.,
residues that are completely surrounded by other residues).
The average degree to which the H residues are partitioned
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Figure 4. Ensemble averages of folding (left) (a)-(d) and non-
folding sequences (right) (e)—(h) as a function of ¢, the energy of
HH contacts: (a), () energy/e, (m); (b), (f) number of effectively
accessible states, Z; (c), (g) compactness, (p); (d), (h) core dis-
tribution, {(x).

into a core, over the ensemble of accessible conformations,
is given by

N
(x) = Z71 3 xelsmie (11)

i=1
where m; is the number of HH contacts in the ith con-
formation and N is the total number of conformations in
the full conformational space. We can also compute the

average core distribution of only the native conformations
by

g(Zs)
= — X; (12
2o A )
The ensemble averages of these quantities are shown in
Figure 4 for folding and nonfolding sequences as a function
of e. These properties tend to be correlated. In general
a “folding” sequence tends to lead to a relatively small
number (sometimes one) of low free energy compact con-
formations with an H core, whereas a “nonfolding” se-
quence tends not to have any of these attributes.

The Nature of the Native States

In this section our purpose is to explore the relationship
between the amino acid sequences and the native struc-
tures of the model chains. For each sequence, we find the

(X ) ng
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Figure 5. Composition of sequences (n = 10) for the purpose
of interpreting Figure 6.

native state(s) of lowest free energy, as described above.
We then perform this search for every one of the 1024
sequences of the sequence space of n = 10. We generate
all possible sequences by starting with the sequence
HH...H (00...0) and incrementing a binary counter by one
unit with each step to the right until the sequence PP...P
(11...1) is reached. Then the sequences are sorted by
composition. We number the sequences in order of de-
creasing number of H residues, from sequence 1, which is
comprised of all H residues, to sequence 1024, which is
comprised of all P. The first question we have asked is,
to what extent can the folding potential be predicted by
composition alone, the fraction of H-type residues in the
chain, irrespective of their sequence? The composition
versus sequence number is shown in Figure 5; the number
of sequences of each composition, the width of each step
in Figure 5, is given simply by the binomial distribution.
This figure is simply the composition reference for the
following figures.

Figure 6 shows the properties of the native state(s) as
a function of sequence. The properties shown are the
number of HH topological contacts (s), which is also a
measure of the native state energy, the average compact-
ness of the native state(s) ({p),,), the native state degen-
eracy (g(s)), and the average fraction ((x),,) of the interior
filled by hydrophobic residues.

The effect of the composition on the native state prop-
erties is evident from Figure 6. On average, larger ® leads
to more native states with high compactness, low energy,
small degeneracy, and a highly hydrophobic core. Thus
a large component of the folding potential is just due to
the composition, the fraction of residues that are H.
However, it is also clear that there are sequences with high
H content that do not fold (downward spikes in Figure
6a,b,d and upward spikes in Figure 6¢, and see below).

The effect of composition on the native properties of
sequences is shown more explicitly in Figure 7. We have
found that even with the same composition, there is a wide
distribution of energy, compactness, degeneracy, and
fraction of H residues in the core. The spread is greatest
for the middle range of composition, ® = 0.5, and is the
smallest at the two ends. Ensemble averages over se-
quences with the same composition are shown in Figure
7 as a function of composition. With increasing H content,
the average compactness and H localization into the core
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increase, and the average energy and degeneracy decrease.
At the maximum H content, the degeneracy increases
slightly because there are many ways to configure a hom-
opolymer to have low energy: for ® = 1, there are 98
conformations that have maximum density, p = 1.

The properties of the native states tend to be correlated
so that sequences can be simply divided into those which
are “good” and those which are “bad” in terms of their
folding potential. Good sequences have native states with

all the following properties: low free energy, high com-
pactness, core of H residues, and low degeneracy. In other
studies,?®? it is shown that these 2D lattice proteins also
have significant amounts of secondary structure, lattice
equivalents of helix, and parallel and antiparalle]l sheet
topologies. All the other sequences, the bad sequences,
tend not to have any of these properties.

Figure 8 shows the distribution of the native-state
properties over the full sequence space. Of the 1024 se-
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quences for n = 10, the number of different sequences that
can fold to maximum compactness is 259 and there are 349
sequences that are in the range 0.9 < (p), < 1.0. The most
probable native state for all the sequences is maximally
compact with core completely occupied by H residues.
Only a very few sequences have a single native state (see
Figure 8c); most sequences have less than 20 native con-
formations. This may depend on the use of only two types
of residue, H and P, in the model; if there were 20 types
of residues, as in real proteins, we anticipate that the
histogram of degeneracies might show a much larger
population with only one or a few conformations.

Proteins whose sequences lead to only a single native
structure may have significant biological advantage over
sequences that lead to ambiguity of the native structure.
In the model, there are six sequences that have singly
degenerate native states; all the rest have more than one
native state. For those sequences that lead to multiple
native states, we now ask, how similar or different are the
native conformations of a given sequence? To measure
the differences in conformation, we must define a “metric”
or distance measure. The choice of a proper distance
measure is partly arbitrary; apart from a few requirements,
there are no deeper principles upon which one can be
chosen. The most common distance measure for com-
paring geometrical structures of molecules is that of the
sum of squared distances taken pairwise; this is the so-
called maximum likelihood best estimator, provided the
errors are uncorrelated and are Gaussian-distributed with
zero mean. This method is useful for comparing two very
closely similar structures. However, for our purpose of
comparing structures that can be very different, we are
better served by a measure that treats the conformation
of every bond, rather than the square of each distance, on
equal footing.

If each bond pair b; is represented by 0 (collinear) + 1
(right turn) — 1 (left turn), then a chain conformation is
represented by the vector v = [b;, by, ..., b;, ... b,_5] (see
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Figure 9). This has the useful feature that the mirror
image conformation is represented simply by -v. A con-
venient distance measure d(v,, v;) between 2 conforma-
tions is

d(vy, v5) = min [c(v, — V), c(vy + vy)] (13)

where ¢ represents the operation of summing the absolute
values of the elements. In this way, conformational dis-
tance is a measure of how many bond angles are different,
weighted by how different they are. Taking the minimum
of the two arguments in eq 13 is a simple way of accounting
for the identity of a conformation and its mirror image and
would be inappropriate for molecules in 3D, where chirality
is important. In that case, the appropriate measure would
be

d(vy, vo) = c(vy — vy) (14)

When there are multiple native states for a given sequence,
we compute their average pairwise distance

9 &(s) g8

OGE - & 2% (15)

This distance measure, eq 13 and 14, can be used to com-
pare any two conformations in the conformational space,

(d) =



3994 Lau and Dill

aa
d =3
8 rd
i 10 7 ! 10_..9 14
d =1
b 10
9 zl__;l 109 zl_q
8 1 4 g 1 4
K 8 7 8

Figure 10. Examples of the distance measure of conformational
dissimilarity.

B
|

Number of Folding Sequences

05 1.0

Figure 11. Conformational differences (d)/dp,, for multiple
native structures of a given sequence for all sequences with (o),
=1,n = 10. dg,, is the maximum possible difference between
two conformations: (a) d is defined in eq 13 and d,,, = 8; (b)
d is defined in eq 14 and dp,, = 16.

provided only that they have the same chain length. The
smaller the value of d, the greater the conformational
similarity. This measure satisfies the requirement that the
distance between identical conformations is zero. Figure
10 shows two examples of the distance measure; the top
two conformations differ by a distance d = 3 and the
bottom two by d = 1.

Figure 11a shows the degree of structural similarity
among the different native states of the molecules which
have (p),, = 1, with d defined in eq 13. Figure 11b shows
the same experiment but with d as defined in eq 14. Both
distance measures lead to the same general conclusion. We
find that different native states are structurally very dif-
ferent, on average. Pairwise comparison shows that it is
most probable that two different native structures will
differ in the conformations of 25-50% of the bonds. One
might imagine two possible extreme views of the nature
of conformational space. On the one hand, most of the
lowest energy configurations could be clustered in a single
small region of conformational space. The other view,
supported by these model simulations, is that energy wells
for the lowest energy conformations are quite broadly
distributed throughout conformational space.

Since the most interesting sequences are those that can
have very compact native conformations, we take a closer
look at the 259 sequences that have (p),, = 1. We have
studied their composition, native state energy, degeneracy,
and the average fraction of H residues in the core. The
lowest possible composition that can achieve compactness
is ® = 0.3. The worst native energy is 2¢, as compared to
0 for the whole ensemble. The maximum degeneracy of
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these sequences is 98, which is the number of maximally
compact conformations. There is a slight tendency with
decreasing ® toward fewer HH contacts and fewer native
conformations in the compact states.

One interesting prediction arises from chain end effects.
Residues at the chain ends can have a maximum of three
topological neighbors, whereas residues in the interior of
the chain sequence can only have two. Hence it is ad-
vantageous for a sequence to have an H residue at each
chain end, where, in the best of situations, it can contact
three other H residues. This prediction is confirmed by
the simulations. While only 25% of all possible sequences
will have H residues at both ends, 90% of all folding se-
quences have H residues at both ends. One consequence
of this is that ends tend to be found adjacent to each other
more often than would be expected by chance. Of course
for these short chains, end effects will be more important
than for longer molecules. Similarly, it is more advanta-
geous for an H residue to be in the interior of the globular
core of the folded protein than at the surface, since it can
have more topological neighbors inside. By definition,
monomers at the surface must have some contacts with
solvent, reducing the possible number of intrachain con-
tacts for those residues. This difference between surface
and interior residues is the driving force for the protein
to form an H core in folded molecules. Although the
general trends for H core formation are clear from Figure
6d, these chains are sufficiently short that many cores are
not completely sequestered from contact with the solvent.

The Effects of Chain Length

Computational limitations prevent us from exhaustive
exploration of both the full conformational and sequence
spaces for chains of length much greater than n = 10, the
case considered in some detail in the preceding sections.
Since such chains are extremely short, it is important to
know how these results generalize for longer chains. In
the present section, we describe methods and results which
show that the principal features of conformational and
sequence spaces are relatively little changed at least up
to about n < 30. For chains of length <20, it is possible
to explore the full conformational space for a given se-
quence, but this can be done for only a relatively small
fraction of sequence space. Therefore, in some cases below,
we choose randomly a small population of sequences (200)
and exhaustively explore the full conformational space for
each sequence. For chains still longer, n < 30, we can
exhaustively explore the full space of all the maximally
compact conformations for a given sequence, and in these
cases we also randomly sample a small subset of all possible
sequences.

Before describing the effects of chain length, it is im-
portant to test whether the native states found by search
of only the maximally compact conformations differ to any
significant degree from those found by search of the full
conformational space. Of course, if all the native states
(conformations of lowest free energy) are maximally com-
pact for a given sequence, then this procedure will produce
exactly the same set of native states as the full confor-
mational search. However, if a sequence has some native
states that are not maximally compact, then this search
will miss those conformations. Hence this procedure is
premised on the proposition that at least most native states
are maximally compact. The results of the search over only
maximally compact conformations for N = 10 are shown
in Figure 12. Comparison of Figures 8 and 12 shows that
the distribution of energies, degeneracies, and localization
of H to the core are very similar for the maximally compact
and full conformational searches. No distribution of
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Figure 12. Distribution of the native-state properties, obtained
by exhaustive searching of only the most compact conformations,
for the full sequence space, n = 10.

compactness appears in Figure 12, since this is fixed, of
course, by the nature of the search over only maximally
compact conformations. As expected, however, the max-
imally compact search does not well characterize native
states of sequences that are poor folders, highly degenerate,
and low-density conformations. In those cases, the number
of conformations is underestimated, and their density is
overestimated by the maximally compact search. Even
these differences diminish significantly, however, if we
broaden the search from just the conformations that are
maximally compact, u + m = t,,;, to those that are nearly
maximally compact, u + m =ty —loru+m = tp,, ~
2.

Figures 13-15 show the distributions of native-state
energies, degeneracies, and H localization in the core, for
200 sequences each of chain lengths 13, 18, and 24, in
maximally compact searches. In general, we observe that
these distributions of native-state properties are not par-
ticularly sensitive to chain length. The distributions of
free energy are least sensitive: the most probable native

Model of Spaces of Proteins 3995

70 T T T T T -+

Number of Sequences

o3 B858BIREE

0 01 02 03 04 05 06 07 08 08 10

X>ns

Figure 13. Same as Figure 12, but for 200 random sequences
and n = 13.

states have energies about half the maximum possible
value for the chain lengths. With increasing chain length,
the most probable value of (x),, decreases, since the size
of the core increases, while the most probable composition
remains fixed at & = 0.5. Hence in larger molecules, a
smaller fraction of the sequences will be able to fully fill
a core with H residues. Perhaps most interesting is that
increasing chain length tends to lead to a greater fraction
of folding sequences that are singly degenerate; i.e., each
one has only a single native conformation. One might
speculate that increased chain length may thereby have
biological advantage inasmuch as it is likely to be advan-
tageous for a real protein to have less conformational am-
biguity of native structures.

A Test of Mean-Field Model Approximations

The theory presented elsewhere for protein stability??
is based on a mean-field Bragg-Williams approximation
for the number of HH contacts as a function of the density
and organization of compact copolymeric chain molecules.
The present simulations, which are not subject to that
approximation, can be used to test its validity.
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In the mean-field model, the protein is considered to be
configured into a spherical core surrounded by a concentric
exterior shell, one monomer unit in thickness. For the
purpose of testing here, we consider the two-dimensional
equivalent protein, of a circular molecule, in which a
fraction

(16)

of the residues occupies the exterior annular ring and the
remaining fraction of residues

f i = 1- f e (17)
fills a core. The radius of the compact molecule is given
by

r=(n/z)/? (18)
The behavior of a protein will depend on whether there
are more H residues than could fill a core, ® > f; (usually

the case for small stable globular proteins), or whether
there are fewer H residues than could fill a core, ® < k;.
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According to the model (see eq 27 in ref 1), when & 2 f;,
in the limit of ¢ — —x, x, the fraction of the core sites that
are filled by H residues, is

x=1- IS/fl (19)
where 6 < 1is

{(1-@ d-f
é = ffl)—fi) expg~e[1—o fef]} (20)

and where 1 — ¢, the fraction of surface of each exterior
residue that is exposed to solvent, is taken to be equal to
0.5.1

In the other case, ® < f;, in the limit of ¢ > -«

x=(®-9/f; (21)

where 6§ K 11is

§ = i—_ exp{_ Q} (22)



Macromolecules, Vol. 22, No. 10, 1989

-

00 05 10 00 05 10
o o

Figure 16. Comparison between simulation results and theory
for n = 16: (a) core distribution, x; and (b) AF 4/ €kT.

The free energy of rearrangement or “ordering” of the H

residues between interior and exterior sites in the compact

molecule is given in the limit of ¢ — —« through use of the
Bragg-Williams approximation as

AF, order (Z - 2)

— = | ———= 22 + 2

EkT 2 n[flx Ufee ] (23)

where z = 4 for the 2D square lattice and
8= (- fx)/f, (24)

(AF 41q,, is AFp in the earlier notation?).

For x and AF 4.,/ ¢k T as a function of composition, the
results of the simulations and the mean-field model are
compared in Figure 16, for n = 16. It is clear from Figure
16b that if x is taken from the simulations and is subti-
tuted into the Bragg—Williams-approximated free energy
expression, eq 23, then the agreement with the simulations
is very good. Hence the mean-field approximation well
characterizes the native states of the ensemble of all se-
quences of given composition. (Deviations above & = 0.9
can be attributed to the corners in the square-lattice model;
these differences vanish for longer chain lengths and are
thus unimportant.) The mean-field model, however, ov-
erestimates the freedom of the chain to distribute its
residues freely between interior and exterior sites. Ac-
cording to the mean-field model, any residue of the chain
has equal access to either region of the protein, hence
increasing ¢ when there are few H residues in the chains
leads to the filling of the core until it is essentially full, then
additional H residues locate at exterior sites. This leads
to sharp changes in the slope at & = f; in Figure 16a. The
simulations, however, show that added H residues at low
& are not quite so free to choose to enter the core; this is
due to restrictions imposed by the chain connectivity. The
comparisons made here are likely to be a worse-case
analysis, since excluded volume is more restrictive of this
freedom in this 2D test case than it would be if our sim-
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ulations could test the mean-field model where it has been
more appropriately applied, in 3D and for longer chains.
Hence these differences between the mean-field model and
the simulations should be expected to diminish if the
simulation tests could be applied to those more realistic
situations.
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